
Clarifications let Zn a sequence of
complex numbers with Zn 1 Then

natl Zn converges the sequence
Pn IT 11 Zn converges

In 11 2m converges Ip log 1 2
converges

II 2 2n convergesabsolutely

In leg 1 2 convergebsolutely

Intr converges absolutely

T 11 12 1 converges
NEM
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characters offinteabelangrups

Definition If G is a finitegroup then

G X G homomorphism

is called the dualgroup ofG unitarydualofG

Lemma Define E E E by IX 4 1g g 41g
forge G

Then G abelian
group with neutral

element to g 1

For any Xf E the character x ̅ g XI IgG
is its multiplicative inverse

Proof exercise

Proposition let G finiteabeliangroup
Then G E

Proof Bystructure theorem offiniteabelian
groups we know GIIT.lk niz

for some N1 NK IN



Therefore there existgs ge EG with ordigi Ri
st any ge G hasunique writing

g g g 1 r Emi

LetXGE Then Xig Xigs Xige
enough to determine valuesof X on92 9k

Since gi
has order ni then Digi Xig X e 1
LEA E ni s t Xigi
Igi is ni th rootofunity

Note thateach choice of 1 Kai ni for I K

uniquely determines a character
hence 161 16 ITmi

It remains to show G andE isomorphic For 1 i K

define the character Xie I sit
Xi gi e ni

Xi gj 1 for it j
We see that X2 Xx generate G and each
NE I can bewritten uniquely as

X XÉ Xi 1 Eri ni

ok



Hence the map Y G G is an isomorphism

gitti ofgroups
Remarks The isomorphism is notcanonical

it depends on choice ofgenerators 91 ge

E separatespoints67 11finiteabelian If ge Gye there exists

E Gsuch that X g 1

Proof LetgEGises and H Lgs so 1H 1

Suppose for contradiction HC Ker x XE G
Hence we can construct injective map

Q E GI
given by Q x GH X g for ge G

welldefinedsince h 1 he H XEG
Thus I61 161 671 1 1 11,2161 contradiction

Remarks By above G G Here isomorphism

E G É is canonical given by
E g x X g XEG.ge 6



Indeed Is is a homomorphism and injective since
separates points in G
Ely x 1 XGG Xig 1 X GG g e

Notation We denote toe E tobe the identity
character to g 1 g e G

theofqhogk.tt f group
For all get Egg

lol if g e

0 if gte

and for IGE Igg
14 if X Xo

0 if X Xo

Proof We startwith second assertion
Clear when X Xo

Suppose X Xo Hence 3 he GS.t.NL 1
then

Egg Zigh 1h
IagG

ghigh bijection



Since h 1 Eatg 0

For the firstassertion note that

EE's EE's x
and thus it follows from case already proven a

Alternatively for first assertion if g e FX'EG
such that X g 1 hence

E.gg E.gl ix lg X'g Eeg
97 0

In number theory we encounter two types

ofcharacters additive charactersand multiplicative
characters

Let ge NAddiki.EEf dditivegroup41212241
Can view as function 4 n 4 n modq MEN

There are 2 additive characters mod g and
since 2122 cyclic they can be uniquelywritten as

4 n EET for 1 a g



Additin character Y m n 41m 4in

Orthogonality relations Zq 2 if 2in
0 if 27N

Multiplicativechracters A multiplicative
character modulo

q is a character of the
multiplicativegroup 2 22
Since 1121221 f g there are fig
mult characters modulo q Contrary to additive
case ingeneral they cannotbe written in
explicit form

e Ek Xmm Xml Xlr
m n with 1m g n g 1

Note that XE 1212 can be viewed as
a function on classes n modq where in g 1

Canextend this to all N as follows



Definition Dirichletcharacters

A map XE it is a Dirichletcharacter modg
if there exists a character also X on 2 97
such that

Xln X n modq if n q 1
0 else

Note we utilise same symbolfor bothfunctions
usually it's clear from contextwhichone is meant
Dirichletcharacters are completely multiplicative

Definition PrincipalDirichletcharacter

The Dirichletcharacter corresponding to trivial
character to mod q is called theprincinalcharactermodq

It is given explicitly by Xoln 1 In g 1
0 otherwise

We can write orthogonality relations as

Σ Xn 412 if n L mode
modg 0 otherwise



and Eugen
421 if X Xo
0 if Xo

We can use Dirichletcharacters to look at
arithmetic functions in arithmeticprogressions

Collysefulness ofDirichletcharacters
Let feet an arithmetic function and act

Them with la g 1

Ext g Email Efman
n acq

Proof Ifm Exfin
n a12 aa 1q

tn 1 2

El Exammady
Kg Emeka Efa Xn 6



DirichletLfunctions

Def Let modq a Dirichletcharacter We
define the Dirichletseries associated to X

LLS X LIS
n

This is absolutely convergentfor Recs 1

and hence defines holomorphicfunction in this region

completely multiplicative forRecs s 1 we have

Eulerproduct LIS X 11 1,115In particular for X Xo
4 x 2

T.p.tt t
Els Iq 1 tps


